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Motivation: dynamo theory

(Arnol’d-Korkina ’83. Arnol’d-Khesin "21)
Numerical computation of fastest growing mode of magnetic field in dynamo theory

Magnetic induction equation (linear dynamo theory):
OB —Vx(uxB)—R,!VxVxB=0

with u fixed velocity field and R;, magnetic Reynolds number

Related to the eigenvalue with the largest real part and pseudospectrum of the
advection-diffusion operator

Eu:B»—>V><(u><B)+R;11V>< VxB
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Lie derivative and Cartan’s magic formula

Vectorfield 3 on a manifold M
®: R x M — M flow generated by 3

Definition (Lie derivative of w € A* along )

P*w —
Lgw = lim ZTw
7—0 T

Remark
For O-forms (standard functions) its value at x is

Law(x) = (8- V)w(x)

the derivative of w along the direction 3
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Lie derivative and Cartan’s magic formula (cont’ed)

When /S is a smooth vectorfield
Theorem (Cartan’s magic formula)

Lg = dLg + Lgd

Here ¢4 is the contraction operator (interior product) and d the exterior derivative
Proxy representation in 3D (k-th order differential forms)

Lgp=p5-Vp

Lgqg =B x(Vxq) +V(q-f)
Lgr = (V-r)B+ Vx(r x j)
Lgs = V-(sP)

k
k
k
k

I
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Recap on differential forms notation

The smooth (closed) complex valued de Rham complex

dl dn—l

0 —— A2(Q) I ALQ) AL(Q) —— 0
Hodge operator * : AltkV — Alt" kv *(xw) = (—1)k=F)y,

L? inner product  (w,n) = / W A *i]
0

Hilbert and Sobolev spaces

L2A%(Q))  completion of A¥(2) in the norm || - ng = ()
HAK(Q)  differential forms with coefficients in H*(€2)
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L? de Rham complex without and with boundary conditions

Energy Sobolev spaces

HAK(Q) = {w € L2AK(Q) : d*w € L2AM 1 (Q)}
HAK(Q) = {w € HAX(Q) : Tr(w) = 0}

2 2 ko112
lwlla = llwllz2 + l[d @]z

dl dn—l

0 —— HA%Q) — & HAL(Q) HAMQ) —— 0

dl dn—l

0 —— HA%Q) —& HAL(Q) HAMQ) —— 0

page 6



Rosetta stone of differential forms

Differential form | Proxy representation
n=2 | n=3
do v v
k=0 | Trao Pjon Pjaa
HA® Hj(Q) Hj(Q)
do -0 0
dl V x V x
k=1 | oo (@ xn)jpo | (g% n)jp0
HA! Hoy(curl) | Ho(curl)
01 V- -V
& 0 v
k— o | Troo 0 (r-n)pa
HA? L3(Q) Ho(div)
52 —Vx V x
ds — 0
Traq - 0
k=31 a2 - L2()
03 - -V
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The dual complex and integration by parts (Stokes formula)

Coderivative %0K = (—1)kd"*x leads to dual energy Sobolev spaces

H*AK(Q) = +sH"*A(Q) = {w € L2A%(Q) : 6*w e L2A1(Q)}
H*AX(Q) = +H"*A(Q) = {w € H*AKQ) : Tr(5w) = 0}

k
lwlFrea = llwllZz + 15 wlIZ.

6n—1 61

0 —— H*AMQ) —2 H*AL(Q) H*A%(Q) —— 0

(dv,w) = (v, 6 w) —1—/

Trv A Tr(xw)
[2/9]
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Lie derivative and advection-diffusion equation for differential forms
The Lie derivative Ly : AK(Q) — AK(Q)  is defined as

Lyw = & 1dkw + d1kw

using the contraction X : AK(Q) — AK1(Q)

Given diffusion € > ¢¢ > 0 and vectorfield u, the advection-diffusion equation reads
For f € Aﬁé(Q) find a time dependent differential k-form v(t) such that

O (t) — ed16ky(t) — Lyv(t) = f(t)
dv(t) =0

Magnetic advection-diffusion equation

(scalar advection-diffusion V.B=0

Fokker—Planck equation)
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Generalized advection-diffusion eigenvalue problem

Find A € C and a k-form v # 0 such that

ed* 1%y + Ly = \v
dv =0

For nonzero eigenvalues ), this problem is equivalent to
ed“ kv + d- kv = v

This comes from L,v = (kt1dky 4 d<=1ky = dk=1ky
and from the fact that taking d* of the first equation we have d*v = 0
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Mixed variational formulation (with boundary conditions)

Enforcing the constraint d*v = 0 via a Lagrange multiplier p € H*Ak+1((Q)
we get the analogous of the Kikuchi formulation for Maxwell

Find A € C and v € H*AK(Q2) with v # 0 such that for some p € H*Ak+1(Q)

(0%, 8*w) + (v, 8 w) + (8 1p,w) = A(v,w) vw e H*AK(Q)
(v,0"'q) =0 Vg € H* A 1(Q)

Let’s go back to the theory of eigenvalues approximation in mixed form in the case of
Maxwell (no convection)
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Theory for Maxwell

We now revert to the language of proxy and describe Maxwell’s eigenvalues
Standard variational formulation
A€ER, ueHpy(curl), u#0:
(Vxu,Vxv)=Au,v)  WeHy(curl) (6, dw) = v w)
{(u,v¢):o V¢ € H} (v,6"1q) =0
for A\ £0

ANeR, A#0, ueHy(curl), u#0:
(Vxu,Vxv) = Au,v) Vv e Hy(curl) (6%v, kw) = A(v,w)
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Mixed formulations for Maxwell
(Kikuchi ’89)
Divergence free constraint imposed via Lagrange multiplier p
AE€R, ucHy(curl), u#0, pc H} :
(Vxu, Vxv)+ (Vp,v) = Au,v) W e Hp(curl) (6", w) + (6" 'p,w) = v, w)
{(u, Vq) =0 Vq € H} (v, 6 1q) =0

(B-Fernandes—Gastaldi-Perugia '99)
Second mixed formulation (Ho(div®) = V x (Ho(curl)))

A eR, o € Hy(curl), z € Hy(div®), 2#0:
(o, 7)+ (2,VxT)=0 Y7 €Hp(curl) (v,w)+ (I,6"w)
(Vxo,w)=—-\z,w) YweHy(div®) (5v,m)=—\(I,m)
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Discrete spaces and notation

Notation
(Ve, Qr) FE spaces for the Kikuchi formulation C (Ho(curl), H})
(Ve, Z,) FE spaces for the alternative formulation C (Hp(curl), V x Hy(curl))

K ={v, €V;: (v, Vqr) =0Vq € Q}

K; = {0 € Vy: (VXT19,Wwp) =0VYWy € Zy}

(Vo,Qo) C (Ho(curl), H}) space of solutions to Kikuchi source problem with f € L2
(V9,29 ¢ (Ho(curl), Vx Hp(curl)) solutions to alternative source problem with g € L?

(Vxu,Vxv)+(Vp,v) = (f,v) W e Hy(curl) (,7)+(3,Vx71)=0 V7 € Hy(curl)
(u,Vq) =0 Vq € H} (Vxo,w)=—(g,w) VYwe Vx(Hp(curl))
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Mixed conditions for Kikuchi formulation
[ELKER] Ellipticity in the discrete kernel
There exists o > 0 such that

(Vxve, Vxvp) > alvell?, ¥, € K

[WA1] Weak approximability of Qo C H'™* N H}
There exists wj (¢) tending to zero such that

(ve, V)
sup ————~
véerzi ”véucurl

<wi1(O[Yllm Vi € Qo

[SA1] Strong approximability of Vo C Hj(curl) N H(div®)
There exists wy(¢) tending to zero such that for every u € Vy there exists u! € K¢ such

that
Hu - uIchrl < WZ(Z)HHHVO
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Mixed conditions for second formulation

[WA2] Weak approximability of Z° = H}(curl) N H(div°)
There exists w3 (¢) tending to zero such that

(curl 7, 2) < ws(O) [ llzllzl 0 Vr € K5, Va € 2°

[SA2] Strong approximability of Z° = Hj(curl) N H(div®)
There exists w4 (¢) tending to zero such that for every z € Z° there exists 2’ € Z, such

that
Iz — 2|12 < wa(€)]|3] 20
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Fortin operator
I, : VO — V, such that Vo € V°

(VX(O’ — HEU),W[) =0 Ywy,eZ
e |lcunt < Cllo||yo

[FORTID] Fortid property
There exists ws(¢) tending to zero such that

lo — o |2 < ws(@)||o|y Vo e Vo

Let’s see how these conditions can be used for the convergence
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Kikuchi solution operators: continuous. ..

(Vxu,Vxv)+ (Vp,v) = (f,v) Vv e Hp(curl)
(quu):O VQEH(I)

...and discrete
(Vxup, Vxv) +(Vpg,v) = (f,v) WweV,
(Vq,u) =0 Vg e Q

Alternative solution operators: continuous. ..

(o,7)+ (Vx71,2) =0 V1 € Hy(curl)
(Vxo,w)=—(g,w) VYw e Vx(Hp(curl))

...and discrete

(o0, 7))+ (VxT,2/)) =0 V1€V,
(Vxonw) = —(gw) wez

TK ¢ £(L?), TX(f) = u

Ty € LIL?), TE(f) = w

™2 ¢ £(12), TM?(g) = 2

™2 € £(L?), TM?(g) = 2
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Convergence in norm
(B.-Brezzi-Gastaldi '97)

Theorem
If the ellipticity in the discrete kernel [ELKER], the weak approximability of Q [WA1],
and the strong approximability of Vo [SA1] are satisfied, then the following convergence
in norm holds true . _

1T = T ) eurty — O

Theorem

If the weak approximability of Z° [WA2] and the strong approximability of Z° [SA2] are
satisfied, and if there exists a Fortin operator satisfying the Fortid property [FORTID],
then the following convergence in norm holds true

1T = TY[| £ g2y — O
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Compactness properties

The space Ho(curl) N H(div®) is compactly embedded in L?
v € Hy(curl) and V-v=0

Compactness can be rephrased as
Given a sequence {u,} C Ho(curl) such that Vn
(un, V¢) =0 Vo € Hp

If {u,} is uniformly bounded in Hy(curl), then there exits a subsequence (still
denoted {u,}) and u € L? such that

lun — ullp2 — 0

Remark
It follows V-u =0
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Discrete compactness property

Discrete analogue for the spaces V;, C Hp(curl) and Q; C Hcl).

Given a sequence {u,} C Vy, discretely divergence free, i.e., ¥n
(Up, Vo) =0 Vo €Qy,

If {u,} is uniformly bounded in Hp(curl), then there exits a subsequence (still
denoted {u,}) and u € L? such that

lun —ullp2 — 0

[SDCP] Strong DCP

We say that the SDCP is satisfied if u is divergence free V-u = 0
This is true, for instance, if Qy is a good approximation to H(l)
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Equivalence
(B.’07,10)
Given Vy; C Hy(curl), construct Q; and Z, such that VQ, C V,, VxV,CZ,

> Zg:VXVg

» The kernel of curl in V, consists of gradient. Take Q; as the set of potentials
vanishing on the boundary 02

Theorem

The following three sets of conditions are equivalent
i) ELKER, WA, SA1
ii) WA2, SA2, FORTID

iii) SDCP and standard approximation property: for any v € Vo there exists v, € V,
such that

Hv - VéHH(curl) — 0

N.B.: The proof relies on Vy compact in H(curl) ‘
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Standard P1 finite elements in 2D

Unstructured mesh (N = 4, 8,16)
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Zoom for N = 16
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Standard P1 finite elements on 2D (some eigenfunctions)
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Criss-cross mesh with P1 elements

Computed (rate)

N=2 N=4 N=38 N=16 N =32
1 1.0662 1.0170 (2.0) 1.0043 (2.0) 1.0011 (2.0) 1.0003 (2.0)
1 1.0662 1.0170 (2.0) 1.0043 (2.0) 1.0011 (2.0) 1.0003 (2.0)
2 2.2035 2.0678 (1.6) 2.0171 (2.0) 2.0043 (2.0) 2.0011 (2.0)
4 4.8634 4.2647 (1.7) 4.0680 (2.0) 4.0171 (2.0) 4.0043 (2.0)
4 4.8634 4.2647 (1.7) 4.0680 (2.0) 4.0171 (2.0) 4.0043 (2.0)
5 6.1338 5.3971 (1.5) 5.1063 (1.9) 5.0267 (2.0) 5.0067 (2.0)
5 6.4846 5.3971 (1.9) 5.1063 (1.9) 5.0267 (2.0) 5.0067 (2.0)
6 6.4846 5.6712 (0.6) 5.9229 (2.1) 5.9807 (2.0) 5.9952 (2.0)
8 | 11.0924 8.8141 (1.9) 8.2713 (1.6) 8.0685 (2.0) 8.0171 (2.0)
9 | 11.0924  10.2540 (0.7) 9.3408 (1.9) 9.0864 (2.0) 9.0217 (2.0)
9 | 11.1164  10.2540 (0.8) 9.3408 (1.9) 9.0864 (2.0) 9.0217 (2.0)
10 10.9539 10.4193 (1.2)  10.1067 (2.0)  10.0268 (2.0)
10 10.9539 10.4193 (1.2)  10.1067 (2.0)  10.0268 (2.0)
13 11.1347 13.7027 (1.4)  13.1804 (2.0)  13.0452 (2.0)
13 11.1347 13.7027 (1.4)  13.1804 (2.0)  13.0452 (2.0)
15 9.4537 13.9639 (2.1) 14.7166 (1.9)  14.9272 (2.0)
15 19.4537 13.9639 (2.1)  14.7166 (1.9)  14.9272 (2.0)
16 19.7860 17.0588 (1.8)  16.2722 (2.0)  16.0684 (2.0)
16 19.7860 17.0588 (1.8)  16.2722 (2.0)  16.0684 (2.0)
17 20.9907 18.1813 (1.8) 17.3073 (1.9) 17.0773 (2.0)
Z€ero 3 15 63 255 1023
dof 14 62 254 1022 4094
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Edge finite elements (Raviart—-Thomas—Nédélec)

AU

B
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Computations with edge elements

EDGE ELEMENTS
14 T T T T
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Back to the framework of differential forms

Let’s see how this theory can be extended to our problem

Find A € C and v € H*AK(Q2) with v # 0 such that for some p € H*Ak+1(Q)

e(0%v, 0" w) + (tgv, 0'w) + (5 'p,w) = A(v,w) Yw € H"AX()
(v,0¥1q) = 0 vq € H*AF1(Q)

We allow for non trivial topology, so that we have to account for harmonic forms

H* = {w e HAM(Q) nH*AX(Q) : d*'w = 0, *w = 0}
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Shifted bilinear form

We introduce the kernel
KK = {v e H*AKQ) : (v, 6 p) = 0, Vp € H*AFL(Q)}
so that our mixed problem reduces to: find A € C and v € K with v # 0 such that

e(0%v, 0fw) + (kv 8kw) = A(v,w) ww e Kk

Bilinear form obtained after a shift v > 0 allows us to define the solution operator

a: H*AK(Q) x H*AK(Q) — C
a(v,w) = e(6 v, 5*w) + (Lv, 3*w) + v (v, w)
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Solution operator

Lemma
Assume that u € L*>°(Q)

Then there exist positive constants v > +1>0 and a=min{g, 31>0
such that for any v e AK(Q) we A& 1(Q) and 0<k<n wehave

CllullLoo

k

le(w, w) + (v, w) + v, v)| = a([v]E + [wl)

It follows that our bilinear form is coercive
law,v)| = e(8%v, V) + (Kv, ) + v(v,v)| > a|v||Z W € H*AK(Q)

Solution operator (Lax-Milgram) T : L2AK(Q) — Kk
a(Tf,w) = (f,w) Yw e KF
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Compactness of solution operator
Q is said s-regular (0 < s < 1) if for any v € H*AX(Q) N HA*(Q)
il < CCIVIz2 + 16 v]lz2 + [dV]52)

Standard regularity assumption
We assume that the domain (2 is s-regular for some s € (1/2,1]

Vo = T(L2AK(Q)) € H*AK(Q) N HAK(Q) — HSAK(Q)
implies T compact in £(L?)

Our theory needs a stronger compactness
We want to use T compact in £(L2AK(€2), H*AK(2))

For Maxwell it is £(L2, H(curl)) compared to £(L?,L?)

page 31



Compactness of solution operator (cont’ed)

Lemma (Regularity)
Assume that the vectorfield u € WH. Then Vy is compactly embedded in H* A (Q)

Proof.
v=Tf € Vo C Kk C H*AK(Q). We want to show 6%V compact in L2AK~1(Q)

ed“16ky + d* Lk 55 lp v = f
ue Whe = d--liky e F=1Ak = dk-1sky = L(F — dk=1.ky — 65+1p — vy) € HS1AK
There exists ¢ € H{AX(Q) with d*q = 0 such that §*v = §kq which gives
(dk_lék + 5k+1dk)q — dk—lakq — dk—l(skv c Hs_lAk(Q), q|8Q -0

The result follows then by elliptic regularity of the Hodge-Laplace operator
(t € (1/2,5)) 6v = dkq € HIAF-1(Q)
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Discretization of the dual complex
(Arnold-Falk-Winther ’06, "10)

We want to construct approximations of the dual complex

°rse on o s 1 5n—1 51 s A O
0 —— H*A™"(Q) —— H*A" () » H'A°(Q) —— 0

Given standard FEEC spaces Ak ¢ HA¥(Q2) we define
Ak = %A1k c g Ak
and obtain a conforming finite element subcomplex

Discrete harmonic forms
H;’i ={ue A;li . 0ku =0, (u, (5k+1v) =0We A;‘l“}

Lemma
For any q € ”H,’; there exists r € HX such that ||r||;2 < ||qnl|;2 and

I = anlle < I = m)rl> < CH¥|Fflie < CHPlgn 2
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Bounded cochain property
We assume that there exist bounded projections 7K : HA¥(2) — AK such that
Kok _ =41 gk
d*m, = 7rh+ d

i.e., the following diagram commutes

0 —— HAY(Q) @, a7 HAY(Q) —— 0
| J |
~ dO dnfl ~

0 >y AD o > Al » 0

Moreover, for any u € HAK(€) N H'AX(Q) with 1/2 < t < 1 we have
lu — Fhullp2 < Ch'Julex

where the constant C > 0 depends on t but can grow unboundedly as t — 1/2
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Discrete problem

Find A\, € Cand v, € A}E with v, # 0 such that for some p;, € A%H
(v, 8 wp) + (Kvi, Fwr) + (8 pp, wi) = (v, wr)  Ywy, € Aﬁ
(v, 6+ qn) = 0 gy € ARt
The discrete kernel KK = {v, € AK : (v, 0FF1py) = 0 Vpy € AT} gives
Find A\, € Cand v, € Kﬁ with v, # 0 such that

e(8%vp, Fwp) + (thvy, Fwp) = My (v, wp) Yy, € KE
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Discrete solution operator

We can use the same shifted bilinear form as for the continuous problem

Ty : L2AK(Q) — KX

a(Tpf,wp) = (f,wy)  Vwy € KE

Convergence theory

We extend to this context the theory presented before for Maxwell

» SDCP and approximation implies

> WA1 and SA1 implies

> Convergence in the norm of £L(L2AX(Q2), HAK(Q))
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Strong discrete compactness property

Lemma (Strong discrete compactness)

For any sequence {un} with u, € K;‘ln (hn — 0) which is uniformly bounded in H* Ak
there exists a subsequence of {u,} converging strongly in L>AK(Q) to a limit u with
(u, 0k+1q) = 0 for all ¢ € H*A*T1(Q)

Proof.
The proof is classical. In the literature it is not so common to find it for general
topologies

U, = U, +pn, orthogonal decomposition in Kﬁn X ”H;’ﬁn

qn € H* such that ||qu]|2 < |[pall2 and |pn — gn|l2 < CF||pal;2
#* finite dimensional implies q,, — q € H¥ in L2 (up to a subsequence)

— Pn —q € H* inL?

The rest of the proof extracts a subsequence from u, as in the case for simple topology
L]
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Weak/Strong Approximability and convergence in norm

Lemma (Weak Approximability)
There exists w1 (h), tending to zero as h goes to zero, such that for every q € H*A*1(0Q)

|(vh, 6"t q)|
H*A

< wi(h)8 ]2

sup
veekk  [Val

Lemma (Strong Approximability)

There exists wo(h), tending to zero as h goes to zero, such that for any u € Vy there exists
uy € K% such that
[u — up [ < w2(h)lluflv,

Theorem
Putting things together we have ||T — Tth(LZAk(Q) k() — 0
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Convergence result

Babuska—-Osborn theory can be used to get the rate of convergence

1 m
‘qul _ EZ“ES‘ < ChZ
i=1

Assuming  sup |(T — Tp)v|[a+a < Ch" sup |(T* = T})v||g=a < CH"

veE veE
IMl,2=1 Vl2=1
And sup || (I — TI&, ) TIET*v|| ;2 < Ch"
vEE* ’
Ml2=1

IT% and TIX , are the L2 projections from L2AX(Q) to sK+1H*AM1(Q) and 61 A} (Q)
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Numerical results

We are investigating the following results

Theorem (V. I. Arnold)
The number of linearly independent stationary k-forms is not less than the k-th Betti
number of the manifold M

Theorem (V. I. Arnold)
If the diffusion coefficient R} is sufficiently large then the number of linearly
independent stationary k-forms is equal to the k-th Betti number of the manifold M

Theorem (C. King)

If the velocity field u is a potential field, i.e. u = V ¢ for some scalar function ¢, then the
spectrum of the dynamo operator acting on k-forms is real and non-negative
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Numerical results: a square with periodic boundary conditions

This resembles a cylindrical surface with Betti numbers bo =1,b; =1,b2 =0

==l

Number of vanishing eigenvalues with u = (1, 1)

R, |100[10[1]0.1
dim(oo) | 1 | 1 |1/ 1
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Spectrum and pseudospectrum

Rn =05

Dynamo Pseudo-Spectra Re=5.0e-01, Uy
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Dynamo Pseudo-Spectra Re=3.0e+00, U

Dynamo Pseudo-Spectra Re=5.0e-01

100 125 150 175
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= = 96
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o715
030
J 025
< 0.00
e 1 oz 31 3

uy = Vsin(mx) sin(my)
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Square domain with fully periodic boundary conditions

Torus with Betti numbers bg =1, b; =2,b; =1

Number of vanishing eigenvalues with u = (1,1, 1)

Meerem & &

Rim
dim(oo)

100
2

10
2

—

0.1
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Harmonic forms

8.4e-01

) s
06 2 8
€ 2
5 g
05 2 é‘
E €
04 5 5
o
03§ ¢
g 5
£ £
02 3 $
0.1
4.7e-10
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Spectrum and pseudospectrum (edge elements, u = (1,1,1))
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Spectrum and pseudospectrum (nodal elements, u = (1,1,1))

Dynamo Pseudo-Spectra Re=1.0e+00, uy, Nodal
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Spectrum and pseudospectrum (edge elements, u = (—y,x,0))

Dynamo Pseudo-Spectra Re=1.0e+00, uy, Edge
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Spectrum and pseudospectrum (nodal elements, u = (—y, x, 0))
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Extension to the full Hodge-Laplace equation

So far we have considered the half Hodge-Laplace problem, but we can extend our
results to the full one

Find A € C and a k-form v # 0 such that

e(d16% KRy + Ly = M

Variational formulation: find A € C and v € HAK(Q) N H*AX(Q) with v # 0 such that

(0%, 8*w) 4 e(dv, dw) + (KF1d*v, w) + (Kv, Skw) = A(v,w)  vw € HAR(Q) nH* A% (Q)

Clearly, this is not amenable to a conforming discretization in HAK(€2) N H* A%(Q)
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Kikuchi-like formulation

p=dv

Find A € C and v € H*AK(2), v # 0, such that for some p € H*AkT1(Q)

(6%, 6*w) + (05 1p, w) + (K, w) + (Kv, 8 w) = A(v,w) vw e H*AK(Q)
(p,q) — (v,0""1q) = 0 Vg € H'ASTH(9)

Discrete version: find A\, € C and vy, € Alfl, vy, # 0 such that for some p;, € Aﬁ“

{5(5kvh, S wn) + (0 ppwy) + (s wh) + (hve, Fwi) = My wh)  Ywy € Af
(Ph:qn) — (v, 8T q) = 0 Vg € AR
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Convergence in norm follows from inf-sup condition of shifted form
X = H*AK(Q) x H*AF1(Q)
A: X x X — C for a positive v > 0
A((v,p), (w,q)) = (6%, 6" w)+e(8" ' p,w) + (i ' p, w) + (v, 8*w) +(p, ) = (v, 8 q) + (v, w)

Lemma (Inf-sup conditions)
For v >4e+ 3||ullp(o) +&- 1||u||Loo @ t1>0
there exist v = min{%, 2} > 0and C > Osuch that V(v,p) €eX 3I(w,q) €X

A(,p), W, @)l = a(|[vlim=a + Iplla-a)*
(Iwller=a + ligllza) < C(Vlla-a + [P

H*A)

and V(w,q) € X with (w,q) #0 3(v,p) € X such that

A((v,p), (W, q))[ >0
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Convergence in norm

Theorem
Assume that v > 4e + 3 ||ul|r + e u||2« + 1 > 0 and u is a smooth vectorfield. Then
we have

HT — ThHL',(LZAk(Q);LZAk(Q)) -0 ash—0

Theorem
There exists constant C > 0 and hy > 0 such that, for 0 < h < hy,

1 m
i < * d el < a1 19 ...
A ml;&,hl_fiéhéh and A= Mgl < CEHODY i=1,2,-m
with
dp = sup in]‘f/ U — Uyllv and 0p = sup inf ||U—Ully
h

UeE Une UcE* Un€Vp
U[lv=1 IU]lv=1
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Conclusions

» The convergence theory of eigenvalue problems can be extended from Maxwell
to a general advection-diffusion problem for differential forms

» The compactness proof requires extra regularity on the velocity vectorfield
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