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T prd mcaxe foar of Huin cowrse will be fue fuile ehumuk approzimalion U rpectno o§ conupact
opexokoes i Boweck apatar.

frome s mowent or we wi® deucke (X, [I‘Ix) aud (¥, [I'lly) #wo Bouacl Apotar  wide e wespoud.
ing woru . Forthkarewons , we will dewobe £(K,¥) tha oet L4 buear coreakoer feows X to V.
Perrnsstron Lk Te A(X,Y) we day ot T r a bauuded opocakon if it ICr >0 ouck Hakt VxeX
NTelly s Cr Nxlly. We w2 deucte & otk of ol bouded Ciusar oporaten B(X.¥). 4

The 4paca of bawded fGupor oparatow, q.urd wilte dua o, IITIIB(X
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Tueoren let Te HB(R,Y) be a l\ia-jed'bz poaton tan T eB(7.X).Tu Pa.(::(udw;'T"”B(y,-/\)*rr";(x,y).
PRooF Tuio wesedk is o towsequous of 4w cpere g Haorew. o& [ Revsnl. g

TugortM ( Finst S‘hb&&-‘iﬁ EAumd'-c) Let Te BCK,¥) be o bijeckive gperaton , te VAe BIX,Y) auck +wat
nal e IT- g tew T+ A a bijective, (T+AY'e (Y, X) oud fua Jollowing bouud holds,
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We begiu obsecuing Mak ouen I AT “B(x x) < NANg e,y IT N iy, x) we Kknow Hat ba Newmeoun acries
Z.‘,.,( AT)X converap,. T m‘e.c_unau.n. Nwmouu douien couverges o (I‘ AT ')' Oud we uobica ek
lexge T Ny ny € Ziee 1-ATI" lgex,x) = T“_N_“wx) # The wsed g.wn 2 sp Ielex.
Notiew how dat T+ b= (Tr BT™)T houee o T oued (TfAT") ara Lot <wvorille also T+A & iuverthl, .
owd ie paxtiadax (T+4)"= T (T3 &T7)" hawa Nl (re syl £ NT71 gy, (z- NalWgex,y) "T""amnl'
Tt i wow Bt b0 wuknodue Hea woblow of adjount of Te DY)

Frome s mmonment on we wi@ dewste X¥ da dual apace to X, i.e. B R) aud we
MR weite <xx, 2> to dewdte e octiow of ehugut 25 e DX, M) on e ebuout
ae X. V»cm.’.(do.nmmz«cm*wtmogwodJomtopunm&bumduge)"mmém
dutreccly e fus  operaton, zh—#(S’,Tu> Netoo buat etis cpomaton beBougn to X%, by viabw of
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LcuuA(P-sese)Lc& A S X be clorad wrt X, bl Vo I xe X oucte tuak lzlzL ownd (=, A) 2 1- £.]Beaass, '
Deransrion %u-eu. as cpexatn Te BIX,Y) e define &» adjount an \‘!4 opexakor T*e B(Y ', X*) sucl
ok T!y*— X* Yo 4% e'B(ﬁ,ﬁl) , whoe 6~ o 405&-43 o> above.
g (X,I-Ux) & a Hilbert apoces Moy reoRs- Wm&. sacd aboub osuck opexekoms. le fmeke i eapuaition
mone cloan we will dewcte (H, M) aud (K, IFllk) &uo HiClect dpacen awd (), € i)y e maspective ciuge procuct.
We witt moke haovy ae of Riere- Fricek idewtsfocakiou,:. e
Givew amy by € H® taaxa exist o cuigun he H s bat d.,k) (h k),
&on sy ke H. Routler maen “lvllu'"htuH. VMMMM&mofﬂ Ry:H* —H h* th\umk)cd:wc
The, proof of uin mpulk coun be  fouud lu [ Begess, Tweorex 5.5
The adjeint oporaton se b Hilbest geliiug caw be defiuad btanting fromn it Beusd odjodut o folllowe
g-'vtu. Te BUH,K) oud s Banack adjount T*e B(K%H®) &a we J(_’/u.n. &a HiCvert
adjoiut of T, tus opexakon T': K—H ki R,T'Ry k.
leb Te BIHK) , thaee e Wlbeet adjout T' cour alio Lo definad i operaton T'e B(k,Y)
bucl that V(hk)€ HxK we howe (Th k), = (hT'e)y (®).
We wmpute (h, T'k)y= (b, RuT*RY k) = < T*R K, h) <@_ hy
Whaseo GR; : H—> [N hi— Ks Kk, ThY , heuee Lt '""""3 +Haa néhe 'G-rpméqktbou we
hove duat <c'2"' ) h>H = (K;Tb)K , tuwn ra hove fea cJCu,&’&cl (Th,k)K = (hT ")H-



We wow now elq.;u.b»o Mmacro cakeauua of ENDOKORPKISHS, whick wifl nea Gter hove paxticulax. bpectral
pro parkies.

We 2ay Uat ou operakon TE BLHH) & uq—aa\jouhé Y T:=T. Wb we A0y ot T in
norerwat if T'T=TT'

Tt v dupntaut o wobice €at Lu Yu precious Jefiuibion T wer au ENTONORPHISK, i.e.
Te B(H,H).

We hove hixe omilted Eo ﬂmb&h H with H* oo le Riedt wap 4o aveid wnplaeut
ponedonicel nituakion ouwse on be- fark bab i Hgr H' ad L2 (L% we hove  Ho sl z (1% ¢ W:HG
Bans B 0l g duak = Ho

If Te BIMHK) i ael)- odjount aleo T'e BIWH) @ 4ed-odjount.

Derzerrzon  We tay aw cponatore Te LORY) & compack if fon oy bawded oequenca {xnfaen & X
we wow extrect a gom-«.a.d..a oub aaqacnc Jrome  {Tmufneny 2 Y. We wi® Jdewote it opae of eomupact
Ormbma Jom X Y o K(x,v).

Conowary Al eormpact opexakors Oxe bawded ocpecaioms, t-e. Kk(x,¥)e BCX, 7).

Thook Loty pick Te KOX,Y) oud arsun bumt T BIKY), o it must exiré a saquauca Axafng y & X
suck ak Txully>n , ¥ ne N. Suke astquinee han uo bawded tubngquouia oud Hargfoa 0o
o &w.;kg subsoquaner, duplying T HIKY).

PeoPoszTson Givew SEB(X,X) aud Te K(X,y) tha TSe KIX,Y).

PacoF Bouuded cponchons prasexvas da bouudeduass of o oequticas , heues TS must be comupact.

TueorEM ( Fradhelim aliexuative) lek Te K(X,X) tew N(T-T) =« {0t ¢f aud oy if R(T-1)= X.

Furthoemome NCT-T) i Jiuite- dimeusional.
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Conotapy Leb Te K(X/X) auwd 26 €\ {2} Huau Bttwr Hurs s now-brivial solutiow €o ths equakion Txseax

on T-2Ix o bijective awd (T-21)'e B(X,X).

Pacof  Netcw tuat of Te H(RRY tuan &' Te KIX,X) fon oy &¥ 2. We eoue afply b praviow {ldones

o dtate Hat  N(T-eXx): 120 f owd oty ¢y R(T-233): X, heua edan tuo oparator i higjective

owd her bouded ivvewne hocaune T € B(X,X) d we ow “?F% fus bowded fuverae Euwaornew o
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ExArPie Let w comider tha dijfuantial opiaton defiwed s folBlows,T; WY'''(Iabl, R)—LG(Lab], R),

defiwad ba Tou:i= W), We wu compute He Bomack adjount To®: L9(La,t1, R) = w"T ([a,b1, R), witw

9= ¢! (w&). Followi e abeve quuies'aa. of Bowade adjoint we hove tuak cow be JQJ;,\AJ La &

octiow V‘u LY(fa k1) , c.e. < 1"2‘ s u> IRE T'~> o lefontuatl Wi b e fan @ ba
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Owe vw:bke Hinke .  octwakion @ J‘-:(ﬁmt Jo tua  opecaton To: Hole) = Li(R), yet e cawaea
I-udq‘u.a {0 % G) ot 0o explrit comupuleiten cow be opplied o dbéouss ow empmdogioe fa T'.
(Twd)e Juwf des-fuprae 0Oy, X ¥

Exan?i® lek ws now comider ta e opexator T;: Wo ' (TabT) = W€ (fa,L1) Wi -0 ouna
0gpin wot wuel con be sadd of T, neithen v 42 Boach Mina non < Hi€bert w&.’.ua except
Yo G fok  tuat Tie BIX,7).

Siva T, e B(X,Y) we PCQa a.._“l-m:;ho‘ e swverene . Tu l«.ﬁ we wifl wunidee e nolubiow ?emh
T': Y2X  aud comicde ouce vpexakon an T,°: L*/(ranl) — 1“Y“Cabl). We bua wotcca &hat i -un=g

Uan -‘(u“u- ‘u'v-' - ff"' bene uuaa Pocucara ‘wa-TaAlnig aud Ks@dee MA'MGJ ueaeé Ya fo&owiv":




Hotllys Hullg N8N we  row wohio biat by tua sbeddiog W (LakD)e L(Co1) applydag (W ue $Tully
wd e Poictan duequality 4k bu Sobobav dpsce WVME(Laplblwe o racn
bk for oug fel"(Caill) we hove ueW(([ak]) oud siuea WWH([0)01) & campoctty cuteeded i L€ (CapT)
we e Gwat T, :U"%([a,b]) —1*Y(Cakl) i ounpact.
Tu e Hilbect oduna we caun Ahd‘a W wwvene of T,: H3(Lak)) = [*([aib]) wite extesxded dommatw
T, 2(Caibl) - L2 La/bl) aud aﬂ;&d bhe  Acua nwouk? o sea twat T b touxpact . Furtler auoee
&t w deucte ua‘r."! oud V'-T."a'ﬁhu. we howe {hab -ul'zf awd -vt=q, Hean "“‘“"’&J“’ﬂ L.a v audu
mPuecua,% owd ,&.tc.j:aakéha we Sd: V“%eLl([_‘Ig]): (*'v)%l'_w.v =I"u.v.=_ "‘uv“= (u,3)=>('|'."3:“) & equal
to Lu, T7'8), ko T' & sEzF- AvcassT. % eWiptse m.?al-wu‘.ig‘ ve know at® RIUT)= Hi(la,b1) lkeuw
(17)"'2T, owd 4un aBio T, n SELF - ADSOTNT,
led w» compder wow a ga&z&n dirOrekinakion of o PPE, £,z ~ut vt i.e. we }-‘a- a duo veate
Mlbratn. Hn ouce teat dina Xnzn Gud comnbrewct tua Deopucence o‘ din mete mbfv. Iﬂ'tasﬂ
To: Ha — Ha (Tn)g5= (R dc,d;) ) where H’,—,i;‘ foruar o banr 08 Hn. Ju pantiwlorx , we wil
Journ our akation o Ha eConFORMING ow:ua,.:.n. Hat N fon ouy ne N aud we wi@® are that
{on Guseg xe H tha cpexakion. AL=x maker aese @k &art from o dirtreibekioust pocvt of v:e:».‘
DeFrnzTzon Givew bwo oifforautiol equation Wexa Rapprmected by i aclion Ah awd K.h,‘g:e
s Guak axa owa tua FORHAL 2> ADSoTn™ ow H ©0f owe auolhee f (Lh,k) = (h,21)
f:‘: auan ii":‘aH J : &
We obasgue HHak e K oé M 1T L ey coun ba d%‘)ﬁln{ 2n fowa o} the foruee
odjouiit ; iu fbct (Tn)7; = (Ré;,4:)= (£ $:,4). Hewa guew a nequeuca of guemkm dirocetcaakion
o} L, YT lnedt , e tramipores lTJiMN ora o dequenca of g.ﬁut:n din owek A @kcow of tue
formae B adjouut ow H of &.
We t\buadg disecumad ta  diffonua betweew bus Baracrt oud Huseer adjots ; < b following
erouple we clanify b diffovevce bebweew fua foruuel edjount aud tha flitbet adjoint.
EXAHPLE let w» comidoe b ODE &L h=-W" éoa\-&u it b bocw.dw% coudibions W(o): h(b)z o .

L!.

Tat tn th we cous comupute (&h,:), e
(?:t?)z: %S‘:‘"\?.wh j"u- A -l" We = .J‘u.\’.‘u -,‘ Wb = -S" Wk Tl uggort tar
L (3 (Y e . ‘_‘______‘ &
T vowirw becouse T vouil hecouae
FeH tun ﬂtc\st?(sh: he H.
L o e fouuel 12 adjouid on H of k-oeff ,i-e. k=l AL Lk i cboervakion agres i
Qe fact tuak e nolutlow cpoeaion we dhwoed e @ preciows remmark & 0ef)- adjowut.
Yt we wnd bo mrocd wite cuubion w fack Jom e cperakon to be eelf- adjouut & wealy
to be 0w EnCOMORPIGSM  fon {uir weskew  we decde (o cowde b oxator T L£3(Cab))-» L'(CopT),
witw dow (T) = H:(Co.k’l). We oxe wow w Hea w&éna o} UNBOUNDED ofzeaToRs  wivck i well beyoud
e ('opu. of Hey wotes , 10 we will oula make 4dowme comemmenls, Wuwilh ta mn:!u_ m‘.ob.t ?ai-.h'l'
0 be opexaton amonseted with R owd T' # e opecater omotiaked with £ tawn AL gt
T odlf hjoud buir b web amclly b com. Tu feck winl Led uplion lua igmosing of da
opraker T we Wove wo ’p.mb& at D(T)r D(TT), never the @m s Bu portiudar case of
e Joplociow & & pomibls b0 comstruct o SELF- ADSOINT extemsiow of T [Kato T . Not ouly T' o wot &
@ not Ha opovakon omoniated to T' bak moss ever giew o gaﬁn-l.!u dirowkination 1Tul:H — H & aot
bue ek 1Toineny v @ galnkin lirbatinckiow of T'. T we wumider on  epanaton fua oue amesc
waked  with M difowutia?  equation l'.'" h' wike bouscdany  onoktion h(e) 20 ,c-e. T:|2(call) L*(Cayll)
with dorm (T)2 | he K¥(Cab3) : ‘1“)=°i, tlaw  Ah: -1 Wi okows teat o M dmouspose %o goﬁukeu
dirpuki nakiow G kot d»o«;hmua e odjount Opdeaton auua e odjount oprakon m &y waa domwm (TN



2 { e K¥(Cat3) : hiales | Lkaxo, M 2.6]. Similax imus @uar wihaw dlbwa% noramality , & wn touncder i
cporatve  omonieked with Y i Yoautiol equation Lhn:z h' wiee M“g wolktcoun h(e) = h(b)z0, ..
"l“-.Ll(r-.L:l)»L‘(l':,t‘!) wikh J‘cm (T)= HY (Co,b8). Wil oue m‘sue buuk Hat a oPﬂul*DQ.T i NORRAL
becowne  RL=-u'=z LR, 6us i wot b am. T fack dom [T*) = HE[QbD) aud wun dow (TT')fdom(T'T)
proving sl T i wet @ RoRMA. oRERATOR  [Kate ExAnPit ¥.3.250.
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