Specrea _anp  PSEuDO -SPEcTRA

We wil now focus on Ha npectral thaony of bouuded EnvoroRPrasu, i-e. Te BX,X) . A Ludamentat
too€ for He definition of Ha @ the RESOLVEWT,le. Re(ediz (T-21)" , witk 2e € . The manoluent
might noé be pell-defiuad over Ua a® €. We wilh drgp it netasion [y du pavewr of siunply 1L
DePzNsTron ivew oue opecatve Te B (X,K) we call the nesolvewt nek of T tha sabset of € susk tuat
Rr(2)is we® -definad aud w,ma s o RIX/X) ,c.g.fT,{uczt'r-;I)z XaXa u;,e«an{,

We call tue Apectwme o& Te B(x,X) He comp@_nu.u+ o ta remolueut oet,ie. 61 = N -
PaoposzTzon Lek Te B(X,X), thew 9 i» an open set, ound lwn O & clesed. i
Proor Let 2e9r aud pick ow obor t'e € suck Wk || < [[RT(D]), be opexaton (T-¥I):(T-2X)+ (2-+)1
with 5= (-2)L, 6 e e hypollanin of tua “Fimst sabilily abinmate”  diuca Ush= -2l < [IRe(2) 11" aud
tus we cou opply KFimat Ababilty eobimate " &o niake Wat (T-¥1) & bijeckive omd Relr) e BM&xR).
TroposaTron Let Te H(x,X) e dpectreew of T ‘0 nwee &wfﬁ\’ Lce. Ordd .

Fecor Lek's aveua ba wutnadiebron tuat gr=C , thae we howe tuak RT(2) & w(’ic;wc.
30T = thaw £ (T-e1)7 exatr fo ol teC, aud we howe it Jou mca-ktc Suche tuat 12> ITH
e e Newaw aexies (T-¢1)7': l"éﬂ(t"T)" touverger , pcking (2~ ¢ we o at [IT-eLll—o,
Hewa Il (2-T)'ll & bouded ou to o® € oicte TeDK,X) duples Thamded o i By (0) oud Himajeo
we cous app&d LiowecBh breonwe ¢ sax tat lIRr(3)1z0 o tea a® £, Wuch u a Gubwodiction foe 2=0.
TueooeM let Te B(X/X) owd 3¢g. tum U foBlowing dusqualily hels Vie g, IRr(2)]l > e, o) .
Pacor We pick te g, oud obrewe that Lu previows taomene we kove skowed He fack Hak i [-2:1< Ry (N’
tuen Vepr. f‘cambina Hio steat muauk we ocbtain Mt peked $€Q taw eOT dwples [t-2]3 IRy @I
aivcn, “at 2¢6r caw be gpicked w-bhoa.ﬂa we  hove , 4(&5 le-2t]> NRT]D wewe ~(2,67)'¢URT M,
PeoroszTzon T§ Heot bew alo ¢ Oreg, for any Te B(X,X) wfm Wsh< WRr () |I™'.

Paooe Twa preof & o comrquana of precof of tua fact wat Sr & ous ocpew ook

The- previows proposidiow aMert tua UPPER SEMI- CONTINUITY Of Hun spechuum ,i-e- oue dufiuitesing
al  pactwebakion of T eaw oua.uac e gpectrime oy du fruitesiomol.

Now we aave o Jc.;:w:t--'-u- of PSEUOO -SPECTRA baned on the Sbivmake (¥) oud Mecaaa to tha ouwa
%c'.v-v. L% L €rxgeee- TeereTwEN J.

@ sPecvaum Sy
B LEVEL SET OF £- PSBO0 SPECTRON LN s
6
Exaupct Llek wn wucedee aw HRwuoholbr ke Quabion, ic. Tx-tL =g, fox comae te .
Notiw tuat 536«- foct ot 26Qr we Kkwow .k wew oy yeY, Hus 3 ze X ouen ot
z: QTH)S- We #wee notica Hrat, "’-Ilslllzftt)lﬂlg" w.‘,aw(:uaa*% e prvious pnopoitie

w‘lﬁ a:.vv. w O Gowee bawd ow [Rr(e)l heww we Ukwe wo cowtrol over tha wore of e
nolution, . Tha oituakin i veny  di flanersk  wlas Hua cperaken axe woruual. L. faet G Cack of a
toutnol ou e homue of U Bolekion waaub; H#at 30«- no = Uotcal cro-ala'. e Helmhotte
erbeluu- coue ha #mb(a c‘ﬂ.-roﬂd,i-&- :u\-e. aneall Pa.&m-hb.ou. of H= date we coue oObtous
e wupu% Ji.#uuut solukiow.  Jroue Hun -a.urer.twt.bd ftmlnenua..m Sheeld pronupt wn €0 woudew
e plgoicae Mam}-:ca-w.ﬂ- of won-xoreal opexaton, prob@ucs . This idea & Mc&g saptoand b%ﬂ.
e go&olw:na Tap’le }wvu Nk Trl.l.{e.ﬂn.lu:

« If JOoue arvwer lu.a&.ﬁ aupitive o pectwebatiows, you Wove pzoh\fs arked G oy qatrb o .
1. come cwuma Hewn He Gonuploutck of tea pieudo -spectza G ow ¢-tm-% &“M‘lna otk c.e.

J)



Gt =dtepr : URr(e)ll< &' §, we wi@ B @i set tea Fevvo-vESOAUENT.
Fixed o €evel 4 u&\.&ea we e m&wn o lo@rabte o PSEVDO -~ RESOWENT dz'r » lwe a2t o!

ze £ such tab we wue cowteol Uow duunidive owe pech@uu in fo pectuxbatiows, c.e. for wlew
e Ao&owéﬂg z.-easae.-ba estirmate. holds, [(=ll £ \\\Z-r(e)llngll < &1 yi.

Thin oiuply meaws tuat o swioll data munt revide @ dwall solubion | kewa o bwall
vanokioe of dato cow ouly cams @ Awwall vaxiokiow of e nolubiow. Tuis dotswrt mautan tiok
o buuoll peelexbabion of tua solutiow cownespouds o o sweoll penturbabiow of Hw daka .
ProPosstzon Lek Te B, Jon duy £, 862 bl 6"‘.,- e O, )T oud ﬂ , St = Or - Tuatine mmone.
eacle commncted wwipouent of g r han a now- uwply  dutersection Wil 6. L”“‘é we nobiw Ogr i Comd.
Pﬂ°°‘= We b‘sﬂr obMumca Yeat ,lwﬂ‘- e, dq.,w'l'-'-ou. % & dkan twat for £,5 ¢, O, e ‘fz';r
FactlOuete we alro M 12 thokt G diclaniow €7 \Or § g . ol hiva 0 6¢,+
Mot he fe  Cwpty et heua ﬂqr.o‘.‘. re
Notew dat & J2e DSroun Hak Vo<:<£ By n (6‘;,1-\6'1-)'-}‘, s bacoune. we kwow Huat
Re(e)l > y(e o) haue § # Bstwocg+ ¢ Re,rier 0 Gpr.

We osbsenve tat Rr(e) o amagice o 9r aud Uamafors RN 6 o beuuded coubiucnouns

Juncion » dubharnuewic . Uu‘ua B M mue princp@  0f subharmmouie fuuction we couclude Eak
€ocl, connected cowepowewt a‘ et has a nen-&upta siterneckion with O . P JoTay
By b moxinuu praiiple  the  muoxc M °£ IR+ o Mound et P

PCLLEY)

b NS
] A LY
,: e s~:--~~~
0 S ARG Sem
- 5 CEOA N
9 Ly \ - 4 ——— %3 ]
6T T 4 ) s !
N 7

-----

We dewste e et of &-a&u.uc&u. o Ga ,,rmtm. T, Cr, oud atm
2e 81- we ¢ N(T-:1) e eyeu spoca Oommpo‘dduab &.
Paorosztron let T BCK X) thaw € or.
ProoF  Netiw tuat g e Dr bume NUT-eL)7 jo Eun bun cpasatow & wot daujective hauce 207,
Yer i might heppe ek NCT-¢I)= 72t Guel R(T-2I) # X, te Main amoe we kowe Guab ze6y bt e T
Exaurtt lek X= €' oud coumidere fus raiakf-b&i—fe GPQKA“-W;{-O.- T R= K () Uz, ) (0,4, key; )
Theer it & charx Geak VAL Tusda =) Ou,up, )= (A Aug, -+0) <=2 A & 20, ke, fed uzo-
Hewea BT » Qe pty. Noteww teat O7 # ¢ doe evexy T, ewea S S OF.
M diouumed l:?om_ Ga ouly rucde for ek te o\ Sy b oo R(T-eI)# K, wieten Lcj
Freotoc arTERMATIVE 6 depooril@ :f 240.
DerzpsTsos (ivew ou opxaton Te P(*/X) we ol & 5Pe¢huﬂ- nodius of T, wr= sup ||
TeEomEH  (Get foud JoM)MTé@(K,R) e Vp &aa. hr . se oT

Let Te BAHH) i@ T & o SBF- An:romrqwma.m = LT

We kea&u ola-.wr.vaua fuot if T & aed). edjoiut aud we pek [ hilz4 oud obrwwe tuak,

NThl™s (Th Th)= (Tth, h) s BT RIIAN = 07200 whicl dwples NT2 (= T, G we wae Celfond
formauta. Brs G T n'en s i uTh=(TH.

Let Té—BCI-\,H) be o SELF-ADJOINT oporakor thaw of Orz=40f, T munt veuwirk.

Tha prcsf of Ueis wnoult cow be fouud an THEDREK 5.2 4 LBereezs 1.
Derzeztion Lleb Te k(x,x) aud te'Tlp)lol. We defiue e AceNT of ¢ G omafat ael nuck Huak
N((r-ez)®) s N((T-e1) %) | The dirmemsion of NC(T-21)%) i ta AlGEBRAZE MaTIRIEY of 3 Ouwd
the eluceuts of N( (r-e1)%) ama tua GENERAISED EILENVECTORS of T. Tha ok mmemsiow of
N@T-2I) 4 kwoww ay G CEOMETRIC MOLTIRICITY of ¢.

let Te B(H,H) be a sir-AcsoInT obeRAToR , tew Vee Sl 10§ @ @ncert of & 0 cua oud
Hwa algebmoic oud geo metnic.  muolkiplrity  coludde.



We. [~ 7% mf_a.&:,;&.n.u&amc‘xsmahudawﬁmmmnmbmmaww
aotion of spectma. dittr . o PStuPo <FECTpA.

Deerarzon Lt Te §(%,%) aud px Ero we ca@ e am £-&Ia¢u.vn&«.ﬂ., if it 3=e X pucu &at
el s 2 awd M(T-ex) 2 ll<é. We dewote 5gr G ook of all emeuvaluts of T aud @ = an
£- eqen Juckion omordated wit T.

ProPossvaon Lt Te B(X,X) thew [lop € Ot

Peoor Notea txat su geuoced NlRr((lz NT-+T N7 = L:‘:lelff-tl)‘lll'.'lgu&,,r aud ller-23) =)<,
W Txe X, with Malisr , aud Jor wlacte [(T-2D)ull>e, aud MU' o fua NT-ex™> 5 s i “ply
that 2¢ 03 1.

ke now focun own alfension oo cpexatoms witie holpted spectra; of wiick compact opexatoms @ Qi
duportaut céars of mppresanctativen.

ProvossTson let Te Klx,X) , buenw 0€ 6F aud Or \{ot= S \lot.

fniF Suppore tuat O0f Oy twew T e bijecéve owd ToT™' munst ba comepact. Heww e ety
opexator would be conupact o dufiuite ~dimewional Bameds space whick i o cutmadition byt
Rzeve wnst BAL THEDREN.

TheoREM Llebt TE R(X,X) aud Gt 1entwen ¢ & ha_a-mr«ma. ouch Hak "d:;. 2n=22 aud tue Op\ioh.
Thaw 220, Waww un dupler tat Gr\bt i ouly cmade of holated focutn .

ProoF  We Iwow tuat 2ne &, by luypotussis, B we cow comsidor Ha Cgen fuction xe awd dewste
En e mpace forermed la ba  fout n&:acu.’au.étlws.

W, ha.u okm.:na tat Ep S Enn s ie. e fout n e..:auv«.b-u. ars- &ma:.ﬂa wndependect . Theus
we amecue Ga outradiction, Hak € T Z‘:” ol en oud Mm, Teps: = 'E‘ Ere O €k  te

G (k- 2ker ) rmeant  vawisk fon— a®k ke=i,.-., n. Thun o nuds o vowisk P kel Wemea
€ng 20 wice w a coktradictiow.

Appada.a Rigse eMMA we caw cownhuct a a2quana lzutngy ouet at Uxil=4, 2u & En aud

7 %a, s.-.)z-‘;_ 5, Wnz 2.

Notice mow ek Vn>m22 we hove tuat, oisce (T-2uI)En & En-t aud Emn-t § Em & Ewn § En.

G |an' Txn -2m' Taw "= “ &J'(Tau“ Ew R-u)—?-'v;: (Tiws 2anZan) + 2Zu=%em || 2 | (%, E.-.) 3-';_ .
— — e €
Is 2w aud tfc, (=759 € Ena E....-‘;‘G.... Em e Ena
would suply that | Tam = Taulls lewnu- du % | £ )28 Yy 5 it would dueply {Taut kas o

uamadn:' ou.buurunuu. aaicle  eoutriadicth ().
Thin duplitr &eat Ghe Hpecteun of T & forwad by inclared poumen.
Corouney Let Te K(X, X) Hite oua of ta /.acui“a dauweo applan: 4. Gre{ol, 2. Or\iol &
fuite, 3. Orl\ieh & a mguana convergiug to O.
"QLF for euua &(‘tau n21 we nottw deaf b aet G-O)i-éf= lel?.'/ni
b GHar Cuply of fuile, if nob we woud hova o aubozquas fo somue + with [el2 Vy. Twia
becoune T & wompace. Lu Jeck if iiq&nQNq&éf: Ielz‘ln} e we cou comder e o
o4 OMsobcinked Cgenvectors 1% b peN ©uwd obaexue oo %equgucs i bousoled heuw {Taxut
har o cone erqeicg ouboe o pleice Gie Wm=221 ik contrtadidn &Efmm
ProPosztion :3. Taealx,:;‘“be. e FIN::?PANQ—.:M‘?on.,:.e. orm R(T,) <¢00, ta Opi\l04 har
ﬂuﬂ'lﬂﬁ mancy eDrents, .
Peoor The elovantn of 6r\1e4 a%e e h'aﬁgvm S A.;Rm)«v,&a.u.mwlgh.;«de cheuvactons.

let  $hnlan € H be a 2qulua of ortouorweol eltntn of H. We oay &cat let
® ou HiChert basin &f <EIJ,'e..> & dewss hw H.

Eoewz' SEPARABLE H€bent 2pae has aw He€bewt baoio.



THEOREM lek H ba a SEPARABLE Hiebext spoe aud @Gt T g K(H,H) be SEF—ACJOZNT. Thew Hwew exib a.
HeCoext bavir compenad ba ‘e aaeuved:mo@ T.
FoooF Leb {iuty,, be a arquene of ol ditiuck , now tero &:J&ul&euﬂ of T. ke wite o.A«U.*.:ouo.g
aek Ao=0, Ep=N(T) auol dewote En &ua ey spac armoswaked do 2. Notiea tuak dim (En)< o,
or o Cowrquauca of FREDKOL ALTERNATIVE. Ke wi@l wow prove Hat Hi éuae Hi€bert gue of
o En. We do tuis su twe seepr. Femat @ prove tuat (E)mso axa mukuolly oniueowal.
We ?ir.K We Enn oaed We En Witk mew, Hww Thz2p b oud Thiz 2. k',élun wa hove
2o (ol )= 0Tl ) = (R 2 20 (k') Von  bocoust dw ¥ 2w we houe &uak (%, k')=0.
We nwow 9tk do prove at vector spacs. E spanwad l:a ”(:‘,E.. s dewse iw H. Forgt we obraeve ‘uab
TE e E ,;aq.&u‘mou. yocu, We E! we hove (T, 1)z (WY, TR') =0 VW'e E lewen Th'€ EL, Clan
TEL ¢ EL. We dowste T*: E+ — E* Wi T h*. We cCouu tuat 6 (TH):= jof. By wutmadic
boe G amuue Uin ir Mot e cana Ouel tat Donwez L0 € Gpi. Since € Dpr b i€ mrews
okt Mare X xf0 ouce that T"h=eklwm&'v>e¢nma.¢-‘auv-&m. of T , houea W'e E*n E
Wit i o toubnodictton. Siuee 67l = j0f we kuow dat T vauik ow E"',ha our. of ta
previous mo@a,a, Bun E'2 NCT). Furthowmora NCT) € Eo £ E hwer E e B wlxle <wpler
ot E'= Pof, kawa E & dewe 4w H, Miss H oepaxales aud H=E'OE.
Fcu.nMI we pick <u eocle oubspace o Hi€hoet basir, €xa. @ud lewes of aucte o basis pon £o & o
cousrquena f e fact tuat o&R sparal @ Hleert spam hove oue HiCbext base awd
o En, with wo a just o coMeuouwa of a foce Cuak Lu & Luide. Simneusd ounal.
TrecreH The caue masult a» @bove applies @ew of TEJ(X/X) & o horrmal Opecator.
THEOREH Lek Té K(XX) be o nommal operabon taw g1 =1 €L : 2 +e:1€ 6p , tse Be(2) }.
Prook We bagac considening o Hilbort bascr for H  foumud Ha cigewvectomn of T,c.c. thufneN.
We buss dossee buwat NiRr(o) s sup LBr@Iball - pp |I(T-21) ' b Il@?gjh =.Y“',—..,-

weN Ll nen BIT-+T) bt Thu =t hn = O ) hue
EXAKPLE We khove praseasty deowmed how s comp@uuut of tva  (T- *-'1);": hn = ke B lT"IY‘;"g);'-a""
pneudo — speciro. el wun fer wicte vl of t tu Helwmkolle problau. b wot ©ill- couditiowad P Puom
U pligyaccal pount of view. Nobia tnak a ea ane of TEB(X,X) ng SuF - ADSAIAT we olso
hove Gu uppon-bouud R (8)lls Y(2,67) heuen for 2€C we wo ot e solubiow of Ha
Helnmhobte preoblews. dopeuds couts wo% on Ha daota, c.e. llxlls ql!,e‘-r)llsil. 'Tlu'.uv«mut to
dobauic ut owtiunows depoudeue of dm sclubion Pfrome b dJata &L equivelout (o tua T-coexd.

vika axgeusnt Lﬂ Cape(ET,

TreonEH Leb T e K(HH) be a NoRmAL oPERATOR . Fezed pe o Vot we ecomcder Ly l

— Mf A \A Ad s N

a wwe [l £P outy eucaprulobing p aud wo obher eleuent of OF, busw \/’

fuo operaton ATIF,,.‘H_'H = — :_I'm..f Rr(t) = dz ir a projectiow ow tha

e&su&pﬂ(ﬂ- apoocated Lo 2 'EF»

Proor  We wusider @ Hi€bext basin for H comuponed 13 -73 efﬂmvabfv: of Tyee ThulyeN.Ten action of 1)

co be ex e Rr(e) h= Z"w Un-é)..(h,b)hn oud M we cow expramed o ackiow gA,.

n

o A-'l;ph = z_'u % (An-2) (hesh) b dz - e b‘ﬂah anwu«.a tat a2 uauwoeuu oxe dwpl,

“ L "“'——-—-’F“) bhese ewu'x.acoweuc ubliplcty o L.

Thr we wolta \na CAucny resxpug THEoREM Huat l\-r'g'}l = alft-'- ame Z:ch(ﬁ-(t), ) (h )W) b, 1o Lo ccan
[T e ou.&‘, pola coutaund e I.',Lowo( it & o pole u&a 59«. E‘:Num n, deucter tua anden
of Ya Kiebect base, amoocioked with. o Hewa au% %(ﬁﬂ(n, M) © uowm uaw"nlu'ua aud £ &
eguot to 1, tleaen A""P»'": (Ma,h) b wlkick @ faa on.H-.oaou..l projection of h oute lo tua
e';aewﬁw.cb.‘u bn. To a&uu-a.&;u_ the proct to e wze whan aama&m ore wot nueple it



B owflicouk to opbserve leat MULtiple ropidicl will wot vawink Groviug AT,E',‘_L'-'Z("""')"“
n

with Spe={n: h,e N(T-pI) ! whick © ezcu.cefa a projection ou tue aaau. Space €Tn

N(T-FI)’

* P\:-.s:uc- SHOWING THAT .A.-r,p,‘ & @l 4pectral Fna;,ecuu 620 4 Dawade cosa.



