Sheet 2: FEM Computation of non Normal Eigenvalue Problems

Consider the one-dimensional advection-diffusion eigenvalue problem, i.e.
n—(z) — av(z) = u(z), weE(O,m), w(0)=ulm)=0, (1)

where A is the eigenvalue and u(x) is the eigenfunction. The weak form of
the problem is given by:

0 /0 " @) () dz — a /0 " (@) (2) do = A /O Tu@@)de (2)

for allv € HE (0, ), where H} (0, 7) is the Sobolev space of functions that are
square integrable and have square integrable weak derivatives, with bound-
ary conditions u(0) = u(m) = 0.

1. Compute the first ten eigenvalues and eigenfunctions of the problem,
with 7 = 1, using the linear finite element method and the Firedrake
library. [Hint: the exact eigenvalues are given by A\, = —1—%77_1 + nn?
and the eigenfunctions are given by un,(x) = g2 sin(nmx), where
n=1,2,.... To see why this is the case look at Lecture 4.]

2. What is the order of convergence of the eigenvalues and eigenfunctions?
Check that it is the same as the theoretical order of convergence. [Hint:
The theoretical order of convergence can be computed using Osborn
theory, see. Lecture 3.

3. Compute different the first eigenfunction for different values of 7, e.g.
n € {1,0.5,0.1}. How do the eigenvalue and the eigenfunctions change
as 1 changes? Does the order of convergence of the eigenvalues and
eigenfunctions change as 7 changes? [Hint: The advection-diffusion
problem is a singular perturbation problem as n goes to zero. Thus, we
expect the formation of boundary layers.]

Consider the one-dimensional Helmholtz equation associated with the advection-
diffusion operator, i.e.

—nu’ (2) — av/ (z) — WPu(zx) = f, =€ (0,1), u(0)=u(r)=0, (3)

where w is the wavenumber. The weak form of the problem is given by:
77/ o (2) (z) do — a/ u(z)v' (x) de — wz/ u(x)v(x) dx :/ fo(z)dz
0 0 0 0
(4)

for all v € H}(0, ), where H}(0, ).

4 Let n € {1,0.5,0.1} and pick as functions f(z) = sin(7x) and f5(z) =
sin(mx 4+ §). Where ¢ is a small perturbation, e.g. § = 0.1. Compute
the solution of the problem for w = 2 + 2¢ for the two data f and fs.
How do the two solutions compare as 1 changes?
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Consider the two-dimensional advection-diffusion eigenvalue problem, i.e.
—nAu(z) —w- Vu(z) = du(z), z€(0,1)%, u0)=u(l)=0, (5)

where )\ is the eigenvalue and u(z) is the eigenfunction and w = (w1, w2) is
the advection velocity.

5 Compute the first five eigenfunctions of the problem when n = 1 and
w = (1,0) using the linear finite element method and the Firedrake
library.

6 Discuss the impact of varying n € {1,0.5,0.1} on the eigenfunctions
and eigenvalues.

7 Analyze the convergence behavior of the eigenvalues as n changes, e.g.
n € {1,0.5,0.25}.



