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1 Introduction

Neural networks have been used in a large variety of applications. Lately more and more interest has focused
on using neural networks to solve partial differential equations. Numerical evidence and theoretical results
suggest that neural networks might be able to beat the curse of dimensionality. Different approaches have
been taken into consideration to apply neural networks to solve partial differential equations, of particular
interest are physically informed neural networks (PINNs) and the Finite Neuron Method (FNM). While for
the FNM there is a robust error analysis, PINNs have found their way in many more practical applications,
[1]. The robustness of the error analysis for the FNM comes from the connections that have been found
between this method and linear finite elements. In this report a connection between LSQFEM and the
PINNs is drawn, furthermore we exploit such a connection in order to develop robust error estimate for
PINNs using techniques developed in the context of the FNM, [2].

2 Galerkin Least Square

Let X and Y two Hilbert spaces and consider a Fredholm operator Q ∈ L(X,Y ), we will now focus our
attention on the following problem,

Find u ∈ X such that Qu = F. (1)

Definition 2.1 (Fredholm Operator). A linear and bounded operator Q ∈ L(X,Y ) is called a Fredholm
operator if it verifies the following conditions,

1. the range of the operator, R(Q) is closed;

2. the dimension of the kernel is finite, i.e. dim
(
N(Q)

)
<∞;

3. the codimension of the operator is finite, i.e. codim
(
R(Q)

)
<∞;

in particular given a Fredholm operator we can define the Fredholm index of such operator as,

ind(Q) = dim
(
N(Q)

)
− codim

(
R(Q)

)
.

We will work under the following assumption to simplify the discussion, dim
(
N(Q)

)
= 0. We will focus our

interest on the residual energy functional and we consider the following minimization principle,

J(u;F ) = ‖Qu− F‖2Y , u = arg min
u∈X

J(u;F ). (2)

The above minimisation principle admit a unique minimizer, to show this we use the following lemmas.
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Lemma 2.1. Given a reflexive Banach space X and a continuous and strongly convex function,

J : X → R,

if the following conditions are satisfied,

1. lim
‖x‖→∞

J(x) =∞,

2. K is a closed convex subset of X,

than it exist a unique element x∗ ∈ K such that,

J(x∗) = J(x)
x∈K

.

Lemma 2.2. A closed subspace of an Hilbert space is a Hilbert space with respect to the inner product of
the space.

Theorem 2.1. The minimization principle (2) has a unique minimizer u∗ ∈ X for any F ∈ Y .

Proof. First we want to prove the ellipticity of the operator Q. To do this we notice that by assumption

R(Q) is closed in Y and therefore
(
R(Q), (·, ·)Y

)
is a Hilbert space. Now we consider the restricted mapping,

Q : X → R(Q),

such mapping is a bijection because of the assumption dim
(
N(Q)

)
= 0 and the fact we have taken as

codomain of the operator R(Q). Since the mapping is a bijection one can use the bounded inverse theorem
to state that Q−1 : R(Q)→ X is a liner bounded operator and therefore,

‖Qu‖Y ≥ C1‖u‖X . (3)

Now we proceed to prove the coercivity for J(u;F ), which is property 1, in the theorem statement.

J(u;F ) =
(
Qu− F,Qu− F

)
Y

= (Qu,Qu)Y − 2(Qu,F )Y + (F, F )Y = ‖Qu‖2Y + ‖f‖2Y − 2(Qu, f)Y

using Yang inequality with ε = 2 and (3) we get the following inequality,

J(u;F ) ≥ 1

2
‖Qu‖2Y − ‖F‖

2
Y ≥ C1‖u‖2X − ‖F‖

2
Y ,

which imply J(x)
‖x‖→∞

= ∞. The only thing left to prove is that the functional J(u;F ) is strictly convex, to

do this we consider u, v ∈ X and t ∈ [0, 1] and we evaluate,

j(t) = J(tu+(1− t)v;F ) = t2(Qu−F,Qu−F )Y +(1− t)2(Qv−F,Qv−F )Y + t(1− t)(Qu−F,Qv−F )Y .

If the coefficient of the quadratic term is greater then zero then the functional J(u;F ) is convex and this is
the case because,

(Qu− f,Qu− f)Y − 2(Qu− F,Qv − F )Y + (Qv − F,Qv − F )Y ≥ 0

where we have used Yang’s inequality to obtain the last bound. In particular we notice that if (Qu−f,Qu−
f)Y − 2(Qu− F,Qv − F )Y + (Qv − F,Qv − F )Y is null then,

(Qu−Qv,Qu−Qv) = 0⇔ Qu−Qv =⇔ Q(u− v) = 0⇔ u = v,

where the last implication comes from the fact that we assume dim
(
N(Q)

)
= 0. To conclude one need to

apply the previous Lemma.
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In particular one can characterize the minimizer of (2) using the following proposition.

Proposition 2.1. The minimizer u∗ of (2) solves the following variational equation,

Find u ∈ X such that a(u, v) = G(v) ∀v ∈ X, (4)

where a(u, v) =
(
Qu,Qv

)
Y

and G(v) = (f,Qv)Y .

Proof. We define the following function of a real variable j(t) = J(u∗ + tv;F ) and we notice that since u∗ is
a minimum for J(u;F ) then j′(0) = 0. Expanding j′(t) we get,

j′(t) = 2t(Qv,Qv)Y + 2(Qv,Qu− F )Y .

Imposing j′(0) = 0 for all v ∈ X one finds (4).

Proposition 2.2. The solution of (4) is also the unique minimizer of (2).

Proof. This is an application of the Hilbert projection theorem for linear subspace.

From now on we will consider the following version of (1),

Q : X → Y = A(Ω)×B(∂Ω)

u 7→
(
Lu,Bu

)
.

3 Physically Informed Neural Network

Definition 3.1 (Forward Neural Network). We say NL(x) : Rdin → Rdout is a (L−1) hidden layer forward
neural network (FNN) with N` neurons in the `− th layer and activation function σ : R→ R, if the action
NL(x) is recursively defined as,

1. N 0(x) = x ∈ Rdin ,

2. ∀1 ≤ ` ≤ L− 1 N `(x) = σ(W `N `−1(x) + b`) ∈ RN` ,

3. NL(x) = WLNL−1(x) + bL ∈ Rou≈ ,

where W ` ∈ RN`×N`−1 and b` ∈ RN` . In particular the value of the matrix W ` will be called kernel parameters
and the value of the vector b` will be called bias parameters for the layer `. The parameters of the network

will be denoted as θ =
(
{W`}L`=1, {b`}L`=1

)
and we indicate the dependence of the FNN on a particular choice

of parameters θ̂ writing NL
θ̂

.

We will focus our attention on the logistic sigmoid, i.e. σ(x) = 1
1+e−x , and the hyperbolic tangent as

activation functions. When we speak about Physically Informed Neural Networks (PINNs), we mean
a FNN trained to solve (1) using the following algorithm:

1. Given a probability distribution of points on a set A called D(A) we consider two vector of realisations,
i.e.

ωi ∼ D(Ω) ∀1 ≤ i ≤ NΩ βi ∼ D(∂Ω) ∀1 ≤ i ≤ N∂Ω.

2. We consider the following loss function, i.e.

L (θ;ωi, βi) =
1

NΩ

NΩ∑
i=1

∥∥LNL(ωi)− f(ωi)
∥∥2

a
+

γ

N∂Ω

N∂Ω∑
i=1

∥∥BNL(βi)− g(βi)
∥∥2

b
, (5)

where γ is the boundary penalty parameter.

3



3. We train the FNN in order to find θ∗ that minimize the above lost function.

It is worth it to notice that the optimization problem in step 3 of the PINNs algorithm is highly non convex
with respect to θ, [3], in particular to train the PINN the state of the art would be to use gradient descent
method as Adam and L-BFGS, [4],[1], even if there are evidence that second order method might be more
suited to train PINNs [?]1. Approximation theory and error estimates have been briefly addressed in [1],
while in [5] one can find a detailed error analysis for a large class of linear parabolic differential equations.
In particular as observed in [1], one might wonder if a neural network exists that can uniformly approximate
a function and all its partial derivatives. The correct functional framework in which to address this problem
has been identified in [6],[7],[8]. Let us consider the class of shallow FNN with activation function σ, i.e.

ΣdN (σ) =
{ N∑
i=1

σ(wi · x+ bi) : wi ∈ Rd and bi ∈ R
}

Theorem 3.1 (Pinkus, [9],[10]). The space ΣdN is dense in the space of smooth functions, in particular given
f ∈ Cα(Rd), a compact set K ⊂ Rd and ε > 0 than it exists an fN ∈ ΣdN such that,

max
x∈K
|Dαf(x)−Dαg(x)| ≤ ε,

for all multi-index k such that |k| ≤ α.

This shows that with a shallow FNN one can uniformly approximate a sufficiently smooth function and all
its partial derivatives. Let us now extend our question further, i.e. what are the functions that can be
efficiently approximated by shallow neural networks ?

Definition 3.2. Given a Banach space X, D ⊂ X such that sup
d∈D
‖d‖X = KD < ∞ we consider the closure

of the convex symmetric hull of D,

B1(D) =
{ n∑
j=1

ajdj : n ∈ N, dj ∈ D and
∥∥{aj}nj=1

∥∥
`1
≤ 1
}
.

Then one defines the norm , ‖·‖K1(D) and the space K1(D) as:

‖·‖K1(D) = inf
{
c > 0 : cf ∈ B1(D)

}
and K1(D) =

{
f ∈ X : ‖f‖K1(D) <∞

}
⊂ X.

The significance of the above space K1(D) comes from the following result,

Theorem 3.2 (Maurey, [11],[12]). Let X be a type-2 Banach space and f ∈ K1(D) then the following
approximation estimate holds,

inf
fN∈ΣN,M (D)

‖f − fn‖X ≤ CXKD‖f‖K1(D)n
− 1

2 ,

where ΣN,M (D) =
{∑N

j=1 ajdj : dj ∈ D and
∥∥{aj}Nj=1

∥∥
`1
≤ M

}
. We will focus on the dictionary

Dσ =
{
σ(wi · x+ bi) : wi ∈ Rd and bi ∈ R

}
for which KD depends on σ. When σ is a bounded activation

function than Dσ =
{
σ(wi · x+ bi) : wi ∈ Rd and bi ∈ R

}
then ΣN,M is uniformly bounded in Lp(Ω).

In the case of the sigmoid function, it is possible to prove that if we chose as activation function the sigmoid

then K1(Dσ) = K1

(
P0

)
, this gives us an improved approximation estimate,

inf
fN∈ΣN,M (σ)

‖f − fN‖X . N−
1
2−

1
2d ,

more detail can be found in [13],[6],[14].

1Work in progress with KAUST Extreme Computing Research Center.
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4 A Priori Error Estimate

We will perform our a priori error analysis in the one dimensional case, in particular the first thing we would
like to do is to notice that if ωi are equally spaced than the loss function (5) is the discretization a mid point
quadrature of

J(u;F ) = ‖Qu− F‖2Y =

∫
Y

‖Qu− F‖y =

∫
Ω

‖Lu− f‖a + γ

∫
∂Ω

‖Bu− g‖b

where Q = (L,B), the space Y = A(Ω) × B(∂Ω) and the space A and B are equipped with the following
scalar product and induced norm,

(u, v)A(Ω) =

∫
Ω

(u(x), v(x))a dx ‖u‖A(Ω) =

∫
Ω

(u(x), u(x))a dx =

∫
Ω

|u(x)|2a dx,

(u, v)B(∂Ω) = γ

∫
∂Ω

(u(x), v(x))b dx ‖u‖B(∂Ω) = γ

∫
∂Ω

(u(x), u(x))b dx = γ

∫
∂Ω

|u(x)|2b dx

Now since the mid point rule exactly integrates polynomials of order one the idea would be to use Bramble
Hilbert lemma to obtain,

|J(u;F )−L (u)| ≤ CN−
2
d

Ω ‖lu‖1,∞ + CN
− 2
d−1

∂Ω ‖bu‖1,∞ (6)

where lu(x) 7→ ‖Lu(x)− f(x)‖a and bu(x) 7→ ‖Bu(x)− g(x)‖b lives respectively inW1,∞(Ω) andW1,∞(∂Ω).
Now we can proceed to estimate the difference between u defined as in (2) and uθ which is defined as

uθ = arg min
v∈ΣN,M (Dσ)

L (v;F ) (7)

as follow,

‖uθ − u‖2X ≤ ‖Q(uθ − u)‖2Y
= (Quθ, Quθ)− 2(Qu,Quθ) + (Qu,Qu)

= (Quθ, Quθ)− 2(F,Quθ) + (F, F )− (Qu,Qu) + 2(F,Qu)− (F, F )

= J(uθ;F )− J(u;F ) ≤ L (uθ)−L (u) + |J(uθ;F )−L (uθ)|+ |J(u;F )−L (u)| (8)

we notice last two term of the above inequality are bounded by (6), to estimate the first term in the
inequality in [2] a greedy algorithm is used to minimize (7). The greedy algorithm was first proposed to
minimize quadratic functional in [15] and it is studied in detail when applied to the problem here described
in [16]. In particular this greedy algorithm consist in recursively constructing a sequence that converges to
uθ, as follow:

u0 = 0,

gk = arg max
g∈Dσ

〈
L (uk−1), g

〉
(9)

uk = (1− sk)uk−1 −Mskgk,

where sk = min
(

1, 2
k

)
. The following lemma will allow us to provide an upper bound for L (uθ)−L (u),

Lemma 4.1. Let Dσ be a symmetric dictionary, such that ‖d‖X
d∈Dσ

≤ C < ∞. Furthermore we consider uN

the N -th iteration of the greedy algorithm, defined as in (9), then if L is a K-smooth functional and the
arg max in (9) is solved up to a factor R > 1, i.e.

arg max
g∈Dσ

〈
L (uk−1), gk

〉
≥ 1

R
arg max
g∈Dσ

〈
L (uk−1), g

〉
,
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then ‖uN‖K1(Dσ) ≤M and the following upper bound holds

L (uN )− inf
‖v‖K1(Dσ)≤

M
R

L (v) ≤ 32CM2KN−1.

Proof. The proof of this lemma can be found in [15] and [16]. The only difference is that the minimization
principle we are here considering is on ΣN,M rather then on BM (Dσ) but this is not a concern since the above
greedy algorithm (9) at each step produce a finite width neural network that correspond to the minimization
principle (7).

Theorem 4.1. Given u ∈ K1(Dσ) defined as in (2) and uNθ the N -th iteration of (9) that approximate uθ
defined as in (7), in the one dimensional setting with equally spaced ωi, then we get the following a priori
error estimate, ∥∥uNθ − u∥∥2

X
. N−2

Ω ‖lu‖1,∞ +N−1.

provided that lu(x) 7→ ‖Lu(x)− f(x)‖a and bu(x) 7→ ‖Bu(x)− g(x)‖b lives respectively in W1,∞(Ω) and
W1,∞(∂Ω).

Proof. We start from (8) and notice that after using Bramble Hilbert to bound the last two terms one has,∥∥uNθ − u∥∥2

X
≤ L (uθ)−L (u) + CN

− 2
d

Ω ‖lu‖1,∞ + CN
− 2
d−1

∂Ω ‖bu‖1,∞,

using the previous Lemma we can also bound the first term, to obtain:∥∥uNθ − u∥∥2

X
≤ 32CM2KN−1 + CN

− 2
d

Ω ‖lu‖1,∞ + CN
− 2
d−1

∂Ω ‖bu‖1,∞.

It is important to notice that since J(u;F ) is a quadratic functional it is also K-smooth and this also imply
that L is K-smooth.

An other way of estimating the first quantity in (8) is to use ideas that comes from standard finite element
method, in particular the notion of discrete least square minimisation principle applied to L , but this idea
will be expanded in future work.
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